Scientific Annals of Computer Science vol. 34 (2), 2024, pp. 139-162 
doi: 10.47743/SACS.2024.2.139 


z-ideals in the semiring R*(L,) 


Ali Akbar Estas! and Toktam HAGHDAD?? 


Abstract 


Let R*(L-) denote the nonnegative T-real-continuous function on 
a topoframe L,. We introduce the notion of z-ideals and maximal 
ideals in the semiring Rt (L,) and state some results about them. Also, 
we show that the topoframe L, is a P-topoframe if and only if the 
semiring R*(L,) is a regular semiring. 
Keywords: z-congruence, z-ideal, topoframe, 7-real-continuous func- 
tion. 


1 Introduction and Preliminaries 


Pointfree topology (frame theory) focuses on the open sets rather than the 
points of a space. The concept of 7-real-continuous functions R(L-,) was first 
introduced by Estaji et al. [6]. In fact, they showed that R(L-) is actually 
a generalization of C(X), the f-ring of all continuous functions from the 
space X to the set R. In [7], Estaji et al. introduced the notion of z-filters 
and z-ideals by using the concept of zero elements in modified pointfree 
topology and made ready some results about them. The semiring C*(X) 
is introduced and studied in [1] and [2]. Biswas and et al. in [3], presented 
a correlation between z-congruences on the ring C(X) and z-congruences 
on the semiring C*(X) and provided a characterization of P-spaces by 
z-congruences on O'*(X). Also, they studied various topologies on CT (X). 
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In [5], Estaji et al. introduced the concepts of z-congruence in a ring R(L) 
and a semiring Rt (L) and gave a correlation between z-congruences on R(L) 
and z-congruences on Rt(L). Also, they showed that there is a one-one 
correspondence between z-ideals and z-congruences on a ring R(L) and a 
semiring Rt (L). 

This paper is organized as follows. Section 1 presents the basic concepts 
and preliminaries, which will be used in the next sections. In Section 2, we 
introduce the concept of maximal ideals and z-ideals in a semiring Rt (L-,). 
In Section 3, we introduce the concepts of z-congruence in a ring R(L-,) and 
a semiring R+(L,). We give a correlation between z-congruences on R(L,) 
and z-congruences on Rt (L-,). In Section 4, we investigate the equivalent 
conditions for a topoframe to become a P-topoframe. 

A topoframe is a pair (L,7), abbreviated L,, consisting of a frame 
(L;A,V,-L, T) and a subset 7 of L satisfying the following conditions: 


1. Every element p of tT has a complement p’ in L. 
2. The subset 7 of L is a subframe of L. 


The elements of L belonging to 7 are called the open elements of L. An 
element in L is said to be closed if it is the complement of an open element. 
The set of all closed elements is denoted by 7’: = {p’: pe rT}. 

It is evident that (P(X OX )) is a topoframe for every topological 
space X, where O(X) denotes the set of all open sets in X. We recall from [6] 
that a topoframe map f from a topoframe (11,71) to a topoframe (La, 72) 
is a frame map f from L; to Lz with the property f(7) C 72 and also, a 
topoframe map f from the topoframe (P(R),O(R)) to a topoframe (L,r) is 
called a 7-real-continuous function on L (or a real continuous function on L,). 
The set of all real-continuous functions on L, is denoted by R(L-,). For 
every f,g € R(L,) and every o € {+,:,V,A}, fog: P(R) > L is given by 


(fog (X) =U) Ag(Z): Yo ZC X}, 


where Y 0 Z = {yozly € Y,z € Z}. It is shown in [6] that R(L,) is an 
f-ring with the indicated binary operations. 

For every f € R(L,), f({O}) is called a zero-element of f and is 
denoted by z(f), and also, an element a in L is a zero-element of L, if 
a = z(f) for some f € R(L,). Thus, z is a mapping from the ring R(L-) 
onto the set of all zero-elements in L. For A C R(L,), we write z[A] to 
designate the family of zero-elements {z(f): f € A}. This is consistent 
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with our notational convention for the image of a set under a mapping. 
On the other hand, the family z[R(L-)] of all zero-elements in L will also 
be denoted, for simplicity, by z[Z,]. Also, a cozero-element of L, is 
defined by coz(f) := f(—co,0) V f(0,+00) for some f € R(L-). Obviously, 
2(f) = (coz(f))’ (for more information on this ring, see [6]). Now, we 
recall some properties of L,, which will be used in what follows. For every 
f,g € R(L,) and every c € R, we have 


1. 2(f +9) =2(f) A 2(g), while f, 9 2 0; 
2. ifO< f <g, then z(f) > z(g); 
3. for every n EN, 2(f) = 2(-f) = 2(/f|) = 2(f"); 
2(f9) = 2(f) V 29); 
5. 2(f +9) 2 2(f) A 2(g); 
6. 2(f) Az(g) = 2(If| + lg) = 2(f? +97); 
7. 2(1) =-L. Moreover, 2(f) = T if and only if f = 0; 
8. 2(f —c) = flo); 
((f —©)*) = f(—co, e] and z((f — ¢)~) = z((e — f)*) = fle, +00); 
z(f*) = f(—co, 0] and z(f~) = f[0, +00). 


9. z 
10. 


We recall the notion of a z-ideal of a ring A as was introduced by Mason 
n [12]. In the lattice theory this notion is known as “z-ideals 4 la Mason”. 
Denote by Maz(A) the set of all maximal ideals of a ring A. For a € A and 
S CA, let 


M(a) = {M € Max(A):a€ M} and M(S)={M € Maz(A): SC M}. 


Note that, since an ideal contains an element if and only if it contains the 
principal ideal generated by the element, we have that M(a) = M((a)). An 
ideal I of a ring A is called a z-ideal 4 la Mason if whenever M(a) C M(b) 
and a € I, then b € J. Estaji et al. in [7] define a z-ideal of R(L-) 
“topologically”. An ideal J of a ring R(L-) is called a z-ideal if the condition 
z(f) < 2(g), for f € I and g € R(L,), implies g € I. 

It is evident that z[L,] is a sublattice of L, and a proper filter of z[L-] 
is called a z-filter on L,. Therefore, if F is a z-filter on D,, then 
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(1) L¢F Ca2[L,] and T € fF, 
(2) for every a,b € fF, there exists | Ac € F that c< a/b, and 
(3) ifbe F,a€ 2[L-], and b<a, thenaeé Ff. 

Also, the set of all z-filters on L, will be denoted by zFil(L,). 


Proposition 1 ([7]) Let I be a proper ideal in R(L,). Then the family 
2(I| = {z(f): f © I} is a z-filter on L,. 


We recall from [9, 15] that a semiring is a nonempty set S on which the 
addition and multiplication operations have been defined such that the 
following conditions are satisfied: 


1) (S,+) is a commutative monoid with identity element 0. 
2) (S,-) is a commutative monoid with identity element 1p. 


3) Multiplication distributes over addition from either side. 


4 


( 
( 
( 
(4) Or =0=10 for allre S. 


) 
) 
) 
) 


An element r of a semiring S is a unit if and only if there exists an element r’ 
of S satisfying rr’ = 1 = r’r. We denote the set of all units of S by U(S). A 
semiring S' is said to be positive if for each z € S,1+a € U(S). A nonempty 
subset I of S is called an ideal of S ifa+6€ JI andra € I for all a,b € I and 
r€§. An ideal I of S is said to be proper if J 4 S. Moreover, S and {o} 
are said to be trivial ideals of S. Denote by ZD(S) the family of all ideals 
of S. For an ideal I of S, the set J = {x € S:2+a= 6 for some a,be I} 
is called the subtractive closure or k-closure of J in S. Then I is an 
ideal of S, and it holds that J C J and J =I. An ideal I of S is called a 
subtractive ideal or k-ideal of S if J = I. Denote by KZ(S) the family of 
all k-ideals of S. Also, a proper ideal M of a semiring S is called a maximal 
ideal of S if M CIC S for any ideal I of S implies either J = M or I=S. 
We denote the set of all maximal ideals of S by Maz(S). 

A congruence relation on a semiring S' is an equivalence relation p 
on S that (a,b) € p implies (a+ 2,b+ 2) € p and (az, br) € p for every 
a,b,x € S. The family of all congruences on S is denoted by Cong(S). The 
set Cong(S) with respect to the inclusion generates an algebraic lattice: 
p GT means that apb implies arb for all a,b € S. Congruence relation p 
on S is called cancellative if (a + 2,b+ 2) € p implies (a,b) € p for every 
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a,b,x € S [9]. Also, a congruence p on S is called a subtractive congruence 
or k-congruence if there is an ideal J of S such that p = ky, where 


kr (a) f,g¢€S and f+h=g-+k for some h,k € I}. 


Denote by AC(S) the family of all k-congruences on a semiring S (see [10}). 
Now, let 
Rt (Lr) := {a € R(Lr): a> 0} 


be the positive cone of the ring R(L-,). It is easy to see that Rt(L-) isa 
commutative semiring. 


2 Maximal Ideals and z-ideals in a Semiring R*(L,) 


We recall that if B is a subring of a ring A and J is an ideal of A, then 7B 
is an ideal of B called the contraction of J and denoted by I°. In this section, 
we discuss the contraction of maximal ideals in a ring R(L,) and a semiring 
Rt (L,). Also, we define the concept of z-ideal in the semiring Rt (L-). 

It is clear that in any f-ring, the inverse of a positive invertible element 
is positive. 


Proposition 2 Let M be a maximal ideal of a ring R(L,). Then M° = 
MNR*(L,) is a maximal ideal of the semiring Rt (L-). 


Proof: It is clear that M° is an ideal of semiring R*(L,). Now, let 
a €Rt(L,)\ M°. Then a? > 0, and so a? € Rt(L,) \ M°. Hence a? ¢ M, 
and so M + (a?) = R(L,). Then there exist y € M and 6 € R(L-) such 
that Ba? +7 =1. Hence 


T =coz(1) = coz(Ba? + 7) < coz(Ba?) V coz(y) = coz(B?a4 +’), 


which means that 6?a4 + ¥? is invertible. Then, there exists u € U(R*(L,)) 
such that u(6?a* + 77) = 1. Therefore M° is an maximal ideal of the 
semiring Rt (L-). 


Remark 3 Every z-filter on L, is contained in a z-ultrafilter on L-. 


In the following proposition, we characterize the maximal ideal of semiring 
Rt(L,). 


Proposition 4 Let M be a mazimal ideal of a semiring R*(L,). Then 
there exists z-ultrafilter F of L, such that M = z-1(F)N R*(L,). 
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Proof: Let z[M] = {z(a): a € M}. First, we show that z[M] is a z-filter 
on L,. Since M contains no unit, we conclude from [7, Theorem 3.8] that 
1 €¢z[M]. Let 21, z2 € z[M]. Then there exist a, 8 € M such that z1 = z(a) 
and z2 = z(@). Since M is an ideal, a+ 6 € M. Hence 


21 A 22 = 2(a) A2z(B) = z(a+ B) € 2[M]. 


Now, let z € z[M] and let 2 € z[L,| with z < z. Then there exist 
a € M and 8 € R(L,) such that z = z(a) and z; = 2((). Since M 
is an ideal, we have a8? € M. Hence if z < 2, then 7} = zV 2% = 
z(a) V 2(B) = z(a) V z(67) = z(aB?) € z[M]. Then z[M] is a z-filter 
on L,. Hence by Remark 3, z|M] is contained in a z-ultrafilter F on L,. 
By [7, Proposition 5.3], z~'(F) is a maximal ideal in R(L,). Therefore, 
by Proposition 2, z~!(F) ON R*(L,) is a maximal ideal of semiring R*(L-) 
and M C z~-!(F) NRt(L-,). Since M is a maximal ideal, we conclude that 
Mao PF rik (L,), 


Proposition 5 If M is a maximal ideal of semiring Rt (L,), then 
M={8ER*(L,): z(a) < z(8) for somea € M}. 


Proof: Let M be a maximal ideal of semiring R*(L;). By Proposition 4, 
there exists a z-ultrafilter F of L, such that M = z~!(F)N Rt(L,). Let 
(a, 8) € M x Rt(L,) with z(a) < 2(8) be given. Then z(a) € F, which 
implies that z(8) € F, and this entails that 8 € 2-'(F) Rt (L,) = M. 

Let S be a semiring, let a € S, and let M7 be the intersection of 
all maximal ideals containing a. If S is a positive semiring, then by [13, 
Theorem 2], 


My ={xe¢S: forallyeS,at+y¢U(S)>a+ae+y¢U(s)}. 


Now, let a € R*(L-). By [7, Theorem 3.8], a frame map a is invertible if 
and only if z(a@) = L. Then for every a € Rt(L,), 


Mi ={8ER*(L,): for ally ER*(Ly), 2(at7) # L > 2(a+h+7) # Lh. 
In the following proposition, we bring some properties of My. 


Proposition 6 Let a, 3 € R*(L-,) be given. Then, the following statements 
are true. 


a 


(1) If z(aB) = z(8), then Mt, = M3. 
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(2) Ifa@e Mt with z(a) < 2(8), then BE My. 


(3) If Mz is a proper ideal of semiring R*(L-), then z(a) A z(B) 4 L for 
every B € My. 


Proof: (1). Let 7 € Mj, and let 2(8 +6) #1 for 6¢ R*(L,). Then 
z(aB +6) = z(ap) 

(8) A 

(B+ 


and so z(a8 +06) # L. Since y € Mya we have z(aB+6+-7) 4 -L. Then 


A 2(0) 
z(0d) 
6) 


=Z2 
=2 


2(B +7 +6) = 2(B) A 2(7) A z2(6) 
= z(a8) A 2(y) A 2(9) 
a i B+y+6) 


Hi 


Hence, y € M . and so M3p CM . . The proof of the converse is similar to 
the above argument. 

(2) By defintion of M+ and Proposition 5, the proof is straightforward. 

(3). Let 8 € M+ and z(a) A z(8) = L. If a is invertible, then z(a) = L 
and Mt = Rt(L-,), which is a contradiction. Then z(a) 4 L. Hence there 
exists z-ultrafilter F of L,, such that z(a) € F. Then, by Proposition 2, 
M := z71(F)NR*(L-,) is a maximal ideal of R+(L,) and M+ C M, which 
implies that z(a) A 2(6) € F, which means that z(a) A z(G) 4 L. 


Definition 7 The proper ideal I of a semiring R*(L-,) is called a z-ideal if 
whenever a € I, then Mt CI. 


It is evident that every maximal ideal of semiring R*(L-) is a z-ideal and 
the intersection of an arbitrary (nonempty) family of z-ideals is a z-ideal. 
Then M* is also a z-ideal. 


Proposition 8 Let I be a z-ideal of a semiring R*(L,). Then, for any 
a,8 €R*(L,), aE I and z(a) < 2(8) imply B € I. 


Proof: It is clear that by Proposition 6. 
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3 On z-congruences on R(L,) and R*(L-,) 


In this section, we introduce the concept of z-congruence on a ring R(L-) 
and a semiring R*(L-,) and give some properties of them. Also, we examine 
the equivalence conditions for the z-congruences of a ring R(L,) and a 
semiring Rt(L,). Moreover, we show that there is a bijection between the 
collection of all z-congruences and the collection of z-ideals in a ring R(L-) 
and a semiring Rt(L-). 

We recall from [2] that, for any f,g € C*(X), E(f,g) ={x EX: f(x) = 
g(x)} is said to be the agreement set of f and g. E(f,g) is cleary a zero-set 
in X and each zero set in X is an agreement set E(f,g) for some f,g € CT(X). 
It is further noted in [3], that for f,g € CT(X), E(f,g) = Z(f -—g) = 
Z(\f — gl) where |f —g| ¢ Ct(X). Also, E(p) := {E(f,g) and (f,g) € p} 
for any congruence relation p on CT(X). 

Now, let p be a congruence relation on R(L,) (R*(L-,)). Then we set 


E(p) = {2(f — 9): f.g € R(Lr) and (f,9) € p}, 


and 


E*(p) := {z(f — 9): f,g € R*(L-) and (f,9) € p}. 


Definition 9 We call a proper congruence p on R(L-) (or on R*(L-)) 
a z-congruence if z(f —g) € E(p) (or z(f —g) € E*(p)) implies that 
(f,9) € p for every f,g € R(L,) (or f,g € R*(L,)). Also, the set of all 
z-congruences on R(L-,) (or on R*(L,)) will be denoted by zCong(L,) (or 
zCong* (L)). 


The concept of z-filters in LZ, was introduced by using the concept of zero 
element in [7]. Also, it was investigated the relationship between ideals of a 
ring R(L,) and z-filters on L,. In the following proposition, we show that 
there is a correspondence between proper congruences on a ring R(L-,) and 
z-filters on L,. For every subset I of R(L-,), set 


er = {(f,9): f.g © R(L,) and f —g eI}. 


Now, let 
or ={(f,9): f.g € R*(L,) and f—gel} 
for every subset I of R*(L-). 
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Proposition 10 Let L, be a topoframe. Then, the following statements 
are true: 


(1) For an ideal I of R(L,) (or R*(L-)), E(pr) = 2[I] (or E* (pf) = 2[I]). 


(2) If p is a proper congruence relation on R(L-) (or p is a proper can- 
cellative congruence relation on R*(L,)), then E(p) (or E*(p)) is a 
z-filter on L,. 


(3) If F is a z-filter on L,, then E~'(F) := {(f,g) € R(L,)?: 2(f — 9) € 
FY is @ proper congruence on R(L-,). 


Proof: 


(1) Let I be an ideal of R(L,). If f € I, then (f,0) € py. Thus z(f) € 
E(pr). If z € E(prz), then there exists an element (f,g) € pr such that 
z=2(f —g) € 2[I]. Hence, z[I] = E(pr). 


— 
iw) 
ar 


If 1 € E(p), then there exists an element (f,g) € p such that z(f—g) = 
1, which implies that f — g is a unit of R(L,). Then 


(f,9) €p => (f—-9,0) € p= ((f-—9)(f —9)*,0) Ep 
> (1,0), (0, 1) cp> p= R(L,) x R(L,), 


which is a contradiction. Hence, | ¢ E(p). Let 21, z2 € E(p) be given. 
Then there exist (f1, 91), (f2,92) € p such that z; = z(fi — gi) and 
zo = 2(f2 — 92), which implies that 


aA 22 = 2(fi — 91) A 2( fo — ge) 
Safe fe ge fs SD Agi = 27595) 


and (f? + f? + 9g? + 93,2figi + 2feg2) € p. Hence, 21 A z2 € E(p). 
Now, let (21,22) € E(p) x z[L,] with z1 < zg be given. Then there 
exists an element ((f1,91),9) € px R(L,) such that 21 = z(fi — gr) 
and z2 = z(g). From 22 = 21 V 22 = 2(g(f1 — 91)) and (gf, 991) € p, 
we conclude that z2 € E(p). Therefore, E(p) is a z-filter on L,. 


— 
iw) 
wa 


Let (f,g),(g,h) € E7!(F) be given. Then z(f—g),z(g—h) € F, which 
implies that z(f —h) = z(f-—g+g—h)>2(f-—g)Az(g—h) € fF, 
and so (f,h) € E~!(F). Hence, E~'(F) is an equivalence relation on 
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R(L,) and E'(F) #4 R(L,)*. Let (f,g) € E'(F) and h € R(L-) 

be given. Then 

z(f—g)€ F > 2(f +h—(g+h)) € F and z(h(f — g)) > 2(f -—g) 
= (ft+h,g+h) € E”\(F) and z(h(f —g)) €F 
(PL oa hy, (ivgh) ea AF). 


Therefore, E~!(F) is a proper congruence on R(L-). 


In an arbitrary ring R, there is a bijection between the collection of all 
congruences on R and the collection of ideals of R (see [11, Remark 7.6]). 
For every binary relation p on R(L,), let 


i= {f-g: f,g € R(L,) and (f,g) E p}. 


In the following proposition, we show that there is a bijection between the 
collection of z-congruences on R(L,) and the collection of z-ideals of R(L-). 


Proposition 11 Let L, be a topoframe. Then, the following statements 
are true: 


(1) If p is a proper congruence on R(L,), then I, is a proper ideal of 
R(L,) and p= p,,. In particular, if p is a z-congruence on R(L,), 
then I, is a z-ideal of R(L,). 


(2) If I is a proper ideal of R(L,), then pr is a proper congruence on 
R(L,) andI =I, . In particular, if I is a z-ideal of R(L-), then py 
is a z-congruence on R(L-,). 


Proof: 


(1) Let v,w € I, be given. Then there exist (f,g),(h,k) € p such that 
v =f —g and w =h—k, which implies that (f +k,g +h) € p and 
v—w=(f+k)-(g+h); that is, v—w € I,. Now, assume that 
(v,w) € I, x R(L,). Thus, there exists an element (f,g) in p such that 
v = f —g, which implies that vw = fw — gw and (fw, gw) € p, and 
so, vw € I,. Therefore, J, is an ideal of R(L,). Also, from 


(f.9) ep, @f-9€ 1p @ (F,9) ep, 


we infer that p = Pr, 
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Now, let (f,g) € Ip x R(L,) with z(f) < z(g) be given. Then there 
exists an element (h,k) € p such that f = h —k, which implies that 
z(h—k) = 2(f) < z(g) = z(g—0). By Proposition 10, z(g —0) € E(p) 
and so (g,0) € p. Thus g = g—0 € I). It is evident that J, is a proper 
ideal of R(L-). Then J, is a z-ideal of R(L-). 


(2) It is evident that p; is an equivalence relation on R(L,). Let (f,g), (h, k) 
€ pr begiven. Then f—g,h—k € I, which implies that (f+h)—(g+k) € 
I and 


fh—-gk = fh—gh+gh—-gk=(f—g)h+(h—k)g el. 


Hence, (f +h,g + k),(fh,gk) € pr. Therefore, py is a congruence 
relation on R(L,). Also, from 


hel, = there exists (f,g) € pr(h=f—g)>hel 


and 

heIl=(2h,h)epr>hel,, 
we infer that =I, . 
Let f,g © R(L,) with z(f —g) € E(pr) be given. Then there exists an 
element (h,k) € py such that z(f — g) = z(h—k). Since I is a z-ideal 
of R(L,) and h—k € I, we infer that f — g € I, which implies that 
(f,9) € pr. Hence, py is a z-congruence on R(L-,). 


Proposition 12 Let L, be a topoframe. Then, the following statements 
are true: 


(1) If p ts a proper congruence on R*(L,), then I} is a proper ideal of 
Rt (L,) and p= Pre 
(2) If I is a proper ideal of R*(L-), then pj is a proper congruence on 
Rt(L-) and I =I". In particular, if I is a z-ideal of R*(L-), then 
PY 
p, is a z-congruence on R*(L,). 
Proof: 


(1) Let v,w € i be given. Then there exist (f,g),(h,&) € p such that 
v = f —g and w = h-—k, which implies that (f +k,g +h) € p and 
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v—w=(f+k)—(g+h); that is, v—w € If. Now, assume that 
(v,w) © I} x R*(L,). Thus, there exists an element (f,g) in p such 
that v = f — g, which implies that vw = fw — gw and (fw, gw) € p, 
and so, vw € I}. Therefore, If is an ideal of R*(L,). Also, from 


(f,9) € pt, @f—-gely (f,9) ep, 
Pp 
— pt 
we infer that p = ie 
(2) It is evident that p7 is an equivalence relation on R*(L,). Let 


(f,9),(h,k) € pz be given. Then f — g,h —k € I, which implies 
that (f +h) —(g+k) € I and 


fh—-gk = fh—gh+gh—gk=(f—-—g)ht+(h—k)g el. 


Hence, (f +h,g +k), (fh, gk) € pre Therefore, Pr is a congruence 
relation on R*(L,). Also, from 


hel’ <> there exists (f,g) € pp(h=f—g)>hel 


I 


and 
heI= (2h,h)€ pp >hel*, 
PT 


we infer that J = J+ . 
eT 


Let f,g € R*(L-) with 2(f — g) € E(pf) be given. Then there exists 
an element (h,k) € p? such that z(f —g) = z(h—k). Since I is a 
z-ideal of Rt(L,) and h—k € I, we infer that f —g € I, which implies 
that (f,g) € pf. Hence, p? is a z-congruence on Rt(L-). 


Let p be a congruence relation on R(L-). We set 


(1) MaxCong(R(L-)) := {p: p is a maximal congruence on R(L,)} and 
Maxld(R(L-)) := {M: M is a maximal ideal of R(L,)}. 


(2) M€ong(f,g) :-= {p € MaxCong(R(L-)): (f,g) € p} for every f,g € 
R(L,). 


(3) Me€ongt(f,g) := {p € MaxCong(Rt(L-)): (f,9) € p} for every 
fig €Rt(L,). 
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Let S be a subset of ring R(L,). We define the hull of S by 
Pisox (S) = {M € Maxld(R(L,)): SCM}. 
For any subset T’ of Maxld(R(L-)), the kernel of T is defined as 


eet) ae 


Also for every f of R(L-), we put h,,,. (f) := Ay, {f}) and ky... (f) = 
K sta LEY). 


The following proposition shows that there is a one-one correspondence 
between maximal congruence relation on a ring R(L;) and a maximal ideal 
of the ring R(L-). 


Proposition 13 Let L, be a topoframe. Then, the following statements 
are true: 


(1) If p is a maximal congruence on R(L,), then p is a z-congruence on 
R(L,) and I, is a maximal ideal of R(L-). 


(2) If M is a maximal ideal of R(L,), then py is a maximal congruence 
on RUG, ). 


(3) The map 0(p > 2(Ip)): zCong(L-) > zFil(L,) is a bijection function. 


(4) The map 0(p + I,): MaxCong(R(L,)) + MaxId(R(L,)) is a bijec- 
tion function and A(MCong( f, 9) = h,,,.(f — g) for every f,g € 
R(L,), where hy, (f — 9) = {M € Maxld(R(L-)): f-—g € M}. 


Proof: 
(1) Let Q be a proper ideal of R(L,) such that I, C Q. Then 


P= Py, C pq => p=Pa, _ Since p is a maximal congruence on R(L,) 


lp Sn =D: 


Hence, J, is a maximal ideal of R(L,). Also, by Proposition 11, p = Pr, 
is a z-congruence on R(L-) since I, is a z-ideal of R(L-). 


(2) Let p be a congruence relation on R(L-) such that py C p. Then by 
Proposition 11 


M=M,,, © Mp => M=M,, | since M is a maximal ideal of R(L,) 
=> pM = Pu, = P- 


Hence, py is a maximal congruence on R(L,). 
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(3) It is evident by part (1) and Proposition 10. 


(4) Let p be a maximal congruence on R(L-,) such that (f,g) € p. Then 
by (1), Ip is a maximal ideal of R(L,) and f — g € I,. Therefore, I, € 
Rstax (f — 9). Then 0(ME€ong(f,g)) C Aaa, (f — g). Now, let M bea 
maximal ideal and f—g € M. By part (2), pay is a maximal congruence 
and (f,g) € pu. Then M = M,,, = 0(p) € O(IMCong(f,g)). 


Proposition 14 Let L, be a topoframe. The following statements are true: 


(1) If p is a maximal congruence on R*(L,), then I} is a maximal ideal 
of R*(L,). 


(2) If M is a maximal ideal of R*(L,), then px, is a maximal congruence 
on Rt (L-). 


(3) The map 0(p++2[I7]) : zCong* (L,)—2Fil(L,) is a bijection function. 


(4) The map 0(p + If): zCong*(Rt(L,)) + MaxIdt(Rt(L-)) is a 
bijection function and 0(INCong*(f,g)) =ht_ (f—g) for every f,g € 


Max 


Rt(L,), where ht (f —g):= {M € MaxId(Rt(L,)): f-g eM}. 
Proof: 
(1) Let Q be a proper ideal of R*(L,) such that I} C Q. Then 
p=p', e PO >p=po, since p is a maximal congruence on R* (L,) 
Pp 


te SE 
Ls ee 
Q 


Hence, I} is a maximal ideal of R*(L-). 


(2) Let p be a congruence relation on R*(L-) such that py, C p. Then 


M=M* CM} =>M=M;, since M is a maximal ideal of R*(L,) 
Pm 


Pur =P p. 


Mp 


Hence, p is a maximal congruence on R*(L,). 
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(3) Let p be a z-congruence relation on Rt(L,). Then by Proposition 10, 
z(I}) is a z-filter on L,. Now, let F be a z-filter on L-. It is easy to 
see that E~'(F) is a z-congruence and 


0(E-\(F)) = Et (E"\(F)) 
= {z(f — 9): f,g € Rt (L,) and (f,g) € E"'(F)} 


={2(f—9): fg € R*(L,) and 2(f — g) € F} 
=F. 


Then @ is an onto function. 


(4) By (3), for every maximal congruence p, I} is a maximal ideal of 
Rt(L,). Now, let I be a maximal ideal of R*+(L,). Then by (4), pp 
is a maximal congruence and 


Oey) =I. = 1. 


Therefore 6 is a bijection function. 


Now, we give the relationships between z-congruences on a ring R(L,) and 
z-congruence relations on a semiring R*(L,). 


Proposition 15 Let L, be a topoframe. Then, the following properties hold: 


(1) If p is a congruence (or a z-congruence) relation on R(L,), then 
po = pN(Rt(Lr) x R*(Lr)) is a congruence (or a z-congruence) 
relation on Rt(L,). 


(2) If p is a z-congruence relation on R(L,), then E(p) = Et (p°). 


(3) If p is a congruence (or a z-congruence) relation on R*(L,), then 
p° :={(f,9): f.g € R(L,) and f—g=h-—k for some (h,k) € p} ts 
a congruence (or a z-congruence) relation on R(L,) and 


B(p) = B(o%) = E(p°). 
Proof: 


(1) It is evident that p° is a congruence relation on R*(L,). Let f,g € 
Rt (L-) with z(f—g) € E*(p°) be given. Then z(f—g) € E(p), which 
implies that 

(f,9) € pNR*(L,) x R*(L,) = p*. 
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(2) It is evident that E*(p°) C E(p). Let f,g € R(L-) with (f,g) € p be 
given. Since p is the z-congruence relation on R(L,) and z(|f—g|—0) = 
2(f—g) € E(p), we conclude that (|f—g|,0) € pNR*(L,) x Rt(L,) = 
p°. Hence, E(p) C E*(p°). 

(3) Let f,g,h € R(L,) with (f,g),(g,h) € p® be given. Then there exist 
r,s,v,w € R*(L,) such that f—g =r—s,g—h=v-—vw, and 
(r,s),(v,w) € p, which implies that f —h = (r+v) —(s+w) and 
(r+v,s+w) € p. Thus (f,h) € p®. Then p* is an equivalence relation on 
R(L-). It is clear that if (f, 9), (h,&) € p®, then (f+h,g+k), (fh, gk) € 
p®, which implies that p° is a congruence relation on R(L-,). 

Since p C p© C p®, we infer that E(p) C E(p*) C E(p*). Let 
f,g € R(L,) with (f,g) € p© be given. Then there exists an element 
(h, k) in p such that f—g = h—k, which implies that z(f—g) = z(h—k). 
Hence, E(p°) C E(p); that is, E(p) = E(p°) = E(p*). 
Suppose that p is a z-congruence relation on Rt(L,). Let f,g € R(L,) 
with z(f —g) € E(p*) be given. It is evident that the map 6 : P(R) > 
P(R) given by 

{2r} i> 0 

A({r}) = ¢ (—c0, 0] ifr =0, 

0 ifr <0. 
is a frame map. We set h := (f —g)o@€ R(L,) andk:=(g—f)o0€ 
R(L,). From 


coz(h) = coz((f—g) 08) = (f—g)(co2(9)) = (f—g)(@(R*)) = h(R*), 


we conclude that h € R*(L,). A similar argument shows that k € 
Rt (L,). From 


(h—k)({r}) = \V {h({a}) A (—k)({b}): a+b =r} 
=\J {r({a}) 2 b}):a+b=r} 
=\V {(f - 9)(0(La}) Ag f)(O({a-r})): ER} 
=\V {(F — 9) (0(La})) A (F = 9) (0({r - a})): aE R} 
ae g)(O({a} N {r — a})): aE R} 


9) (9({r/2})) 
ae g)({r}) 


)(0 
)(0 
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for every r € R, we infer that f — g = h—k, which implies that 
2(h— k) = xf — 9) € Elo") = Elo). 


Since p is the z-congruence relation on Rt (L,), then (h,k) € p, which 
implies that (f,g) € p®. Therefore, p® is a z-congruence on R(L-,). 


In the following propositions, we examine the equivalent conditions for 
a congruence relation on R(L,) or a semiring Rt(L,) to become a z- 
congruence relation. 


Proposition 16 The following statements are equivalent for a congruence 
relation p on R(L-): 


(1) p is a z-congruence relation on R(L;). 
(2) coz~+coz (Ip) = Ip. 

(3) For every f € Ip, coz—!(coz({f})) CI 
(4) For every f € I,, coz—!({coz(f)) C Ip. 
(5) 


5) Ip = User, Meon(f): 


(6) p= {(f,9): f.9 € R(L,) and coz(f — g) < coz(h) for some h € I,}. 


Proof: By Proposition 11 and [8, Proposition 3.1], the proof is straight- 
forward. 


Proposition 17 The following statements are equivalent for a congruence 
relation p of Rt(L,): 

1) p is a z-congruence relation on R*(L,). 

2) coz coz (It) = If. 


4 


(1) 

(2) 

(3) For every f € If, coz—'(coz({f})) CIP. 
(4) For every f € If, coz*({coz(f)) € IF. 

(5) 


5) Ly = Usert Moons): 


(6) p= ee. fig © R*(L,) and coz(f—g) < coz(h) for some h € pee 
Proof: 
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(1) = (2) Let p be a z-congruence relation on R*(L,) and f € coz~! coz (I). 
Then coz(f) € coz (Ij) and so there exists (g,h) € p such that 
coz(f) = coz(g—h). Therefore, z(f—0) = z(f) = z(g—h) € E(p) 
and so (f,0) € p since p is a z-congruence relation on R*(L,). 
Hence f = f—Oe It. 


(2) => (3) Assume f € Jf and g € coz~'(coz({f})). Since 
coz ~"( coz ({f})) € coz coz (It), we have g € coz~! coz (It). 
Therefore, by (2), g € If. 


(3) > (4) Assume g € coz~!({coz(f)). Then coz(g) < coz(f), and so 
coz(g) = coz(f) \ coz(g) = coz(fg). By Proposition 12, I} is an 
ideal and f ¢ I}. Hence we conclude that fg € I}. Therefore, 
by (3), 9 € If. 


(4) = (5) Clearly, If C Usert M con(f) because, for any g € It, g € 
M coz (g)- ‘To see the reverse inclusion, let f € leg and consider 
any g © M.o,f). This means coz(g) < coz(f). Therefore, by (4), 
ge Ty shows that M coz (f) S ie and hence the desired inclusion. 


(5) > (6) Let (f,g) € p. Then f—g € I}. By (5), there exists h € If such 
that f —g € Moz (pn), and so coz(f — g) < coz(h). 


(6) = (1) It is evident by definition of p. 


4 k-congruences on a Ring R(L,) and a Semiring 


R*(Lr) 


A ring A is said to be regular if for every x € A there is y € A with x = xy. 
We recall from [4, Definition 3.1] that if z[L,] C 7, then L, is called a 
P-topoframe. In the following proposition, we investigate, the equivalent 
conditions for a topoframe to become a P-topoframe. 


Proposition 18 Let L, be a topoframe. The following statements are 
equivalent: 


(1) L, is a P-topoframe. 
(2) R(L,) is a regular ring. 
(3) Every ideal of R(L,) is a z-ideal a la Mason. 
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(4) Every ideal of R(L-) is a z-ideal of R(L,). 


(5) Every congruence on R(L-,) is a z-congruence relation on R(L-). 


(6) Every cancellative congruence on R*(L,) is a z-congruence relation 
on Rt (L-). 


(7) Every k-congruence on R*(L,) is a z-congruence relation on Rt (L-). 


(8) Every k-ideal in Rt(L,) is a semiprime of R*(L,). 


(9) R*(L,) is a regular semiring. 


Proof: 
(1) = (2) 


By [4, Theorem 3.5], LZ; is a P-topoframe if and only if R(L-,) is 
a regular ring. 


By [12, Theorem 1.2], R(Z-) is a regular ring if and only if every 
ideal of R(L-) is a z-ideal & la Mason. 


By [7, Proposition 6.2], every z-ideal a la Mason of R(L-,) is a 
z-ideal of R(L-,). 

Let p be a congruence on R(L,). Then, by Proposition 11, I, is 
an ideal of R(L,), which implies from our hypothesis that I, is a 


z-ideal of R(L,). Thus, by Proposition 11, p,, is a z-congruence 
on R(L,). From 


(f,9) € Pr, @&f-gé€ Ibe (f,9) € P; 
we conclude that p is a z-congruence on R(L-). 
Let p be a cancellative congruence on R*(L,). Then, by part (3) 
of Proposition 15, p® is a congruence relation on R(L,), which 
implies from our hypothesis that p° is a z-congruence relation 
on R(L,). It is evident that p C p®. Let f,g € R*(L,) with 
(ig) = ep. From 
(f.9) € p° + 3h, ke R*(L,)((h,k) € p and f—g=h-k) 
> ih, ke R*(L,)((f —g+k,k) = (h,k) € p and 
f-g=h-k) 
Sdh,ke RU) (GF —g,0) € pandf —g=h- k), 
by our hypothesis 
= (f,9) © p, 
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(8) = (9) 


we conclude that p = p®. Let f,g € Rt(L,) with z(f —g) € 
E*(p) be given. Thus 


z(f —g) € E(p*) > (f,9) € p*,; since p© is z-congruence 
= (f,9) € p" =p, 


and so p is a z-congruence relation on R*(L-). 


Let p be a k-congruence relation on Rt(L-,). Thus, there is an 
ideal I of R+(L,) such that p =k}. Let f,g,h € Rt(L,) with 
(f +h,g+h) € p be given. Thus, there exist v,w € I such that 
fth+tv=g+h+u, which implies that f+v = 9+ w, and so, 
(fg) € kf? =p. Then, p is a cancellative congruence on R*(L-), 
and by our hypothesis, we obtain that p is a z-congruence relation 
on Rt (L,). 


Let I be a k-ideal in R*(L,). It is evident that p? is an 
equivalence relation on Rt(L-;). Let f,g,h,k € R*(L,) with 
(f,9),(h,k) € pp be given. Then f — g,h —k € I, which implies 
that f—gt+h—kelTland fh—gk=(f—g)h+(h—k)g €l. 
Hence, (f +h,g+k), (fh, gk) € pz. Therefore, p7 is a congruence 
relation on R*(L,). For every f,g € R*(L-), we have 


(f,9) € pp >AhEM(f—-—g=h)S>Ahel(f+0=g+h) 
= (f,9) € kp 


and 


(f,9) E kT = there exist h,k el(f+h=g+k) 
= there exist h,k €I(f—g+h=k) 
>f—geEl, since I is a k-ideal 
=> (f,9) € py. 


Hence, pe = ae that is, pr is a k-congruence relation on R* (L,) 
and by our hypothesis, pr is a z-congruence relation on R* (L-). 
If (n,f) € Nx R*(L,) with f” € J, then from z(f — 0) = 
z(f"—0) € E(p7), we infer that (f,0) € p; that is, f = f—O€ I. 
Therefore, J is a semiprime of Rt(L,). 


By [14, Theorem 3.2], R*(LZ-) is a regular semiring. 
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(9) => (1) Let f € R(L,) be given. Then, by our hypothesis, there exists 
an element g in R*(L,) such that |f| = fg, which implies that 
(|flg)° = |flg is an idempotent element of R(L,). Thus, by [4, 
Remark 3.3], z(f) = z(f79) = z(|flg) € 7. Hence, z[L,] Cr. 


Proposition 19 Let L, be a topoframe. Then the following statements are 
equivalent: 


(1) For every f,g,h,k € R(L-), if MCong(f,g) C MCong(h,k), then 
a(f —g) <2(h—k). 


(2) For every f,g © R(L-), if MCong(f,0) C MtCong(g,0), then z(f) < 
z(q). 


(3) For every f,g € R(Lr), tf Pstax (Ff) S Ptax (g), then coz(g) < coz(f). 
(4) For every f © R(L,), Patax (fF) © Mon (f): 

(5) For every f © R(L,), MV Pytax (Ff) = Mon (f): 

O Weri pie oF RUD ea pada Ta Meson of ROS. 


(7) If p is a z-congruence on R(L,), then for every (f,g) € p, 
( )mMeong(f,9) C p. 


Proof: 


(1) = (2) Since for every congruence p on R(L-), (f,g) € p if and only if 
(f — g,0) € p, so the proof is evident. 


(2) = (3) By Proposition 11, the proof is straightforward. 
(3) = (4) = (5) © (6) See [8, Proposition 3.2]. 


(1) = (7) Let p be a z-congruence on R(L,) and (f,g) € p. If (h,k) € 
()MCong(f,g), then MCong(f,g) C M€Cong(h, k), which implies 
from our hypothesis that z(f —g) < z(h—k). Since z(fh + gk — 
fk—gh) = 2((f—g)(h-k)) = 2(h—k) and (fhtgk, fk+gh) € p, 
we infer that (h,k) € p as p is a z-congruence. 


160 Ali Akbar Estaji and Toktam Haghdadi 


(7) = (6) Suppose that I is a z-ideal of R(L,). Let (f,g) € I x R(L-) 
with h,,.. (f) = Ryn, (g) be given. Since (f,0) € py , and by 
Proposition 11, INCong(f,0) = MtCong(g, 0), we infer from our 
hypothesis that 


(9,0) € { }MCong(g, 0) C pr, 


which implies that g € I. Hence, I is a z-ideal a la Mason of 
RUG): 


Proposition 20 Let L, be a topoframe. Then, the following statements are 
true: 


(1) If p is a proper congruence on R(L,) and ()MCong(f,g) C p for every 
(f,9) € p, then p is a z-congruence on R(L-,). 


(2) If p is a proper congruence on Rt(L,) and (\MEong* (f,g) C p for 
every (f,g9) € p, then p is a z-congruence on R*(L-,). 


Proof: 


(1) Let f,g,h,k € R(L-) with (f,g) € p and z(f —g) = z(h—k) be given. 
If 4s is a maximal congruence on R(L,) and (f,g) € pw, then (h,k) € p 
since by Proposition 13, every maximal congruence is a z-congruence. 
Thus, 


(h,k) € { )Meong(f,g) C p, 


and we obtain that p is a z-congruence on R(L-). 


(2) The proof is similar to the proof of part (1). 
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